
PhysicalApplications

Typed Mass Density One dimensional Object

First we consider a thin rod wirewith leftend x

rightend n b As shownhere a

Considerthe rodhas constant density P
Then the mass of the rod is density lengthoftherod

P b a

Now considerthe situation youhavethe same rod but

thistime density of therod is not constant
Then along the rod the densityoftherod variesfrompoint

to point and so we consider the density function PCR

that encodes the density of the rod atany pointse

I in I is x

We are partitioning the interval Faib in n 1 subintervals

foreach subinterval Xii Xi we choose an arbitrary

point at Ri1 Ri

Then the mass mi ofthe rod segmentfrom Kii to ki is



approximated by mi p x Ri P x Are

So the total mass of the rod can be approximatedby
m It mi If p x Are

RiemannSum

Then taking limit no we get
m limo P ni an p re doe

Hence the mass density formula of one dimensional
rightedof

object is
m fp a da where Pla is the

density functionG

leftzegndofQ
1 Consider a thinrod oriented on the re axis overthe

interval IT 2 A If the density ofthe rod isgiven
by P x sinx what is the mass oftherod
Soft b

m Sap a da sink da cos a

72
cost cos
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Type Mass Density Two dimensional Object
We now extend this concept to find themass

of a very thin disk of radius r with densityfunction

P x Orient the disk on the sey plane centre at

the origin as shown below
NoteThisparticular

Zoomin ispmaehkttad.tthnsity

o
I y

Ki

Ri Rin Are

We partition the interval or along the x axis

Choose one partition Fri 1 nil an arbitrary pt
nF in it circularrod
Then we first consider the thin ring with inner
radius x outer radius ri

So the area Ai Tx TRY
a k k



A Rit ki e Ri Rin

A Ritkin AR

x x An

2Ani An

So mass of the thin ring is mi 2ax P x Ax

Adding up all the mass of such rings we get

msn.IErmi Ie 2axiPla ax

RiemannSum

So bytaking n N we get

m hims.IE 2ax P x Ax

J2axp x dn

Q2 Let p x 3 2 represent the radial density

ofa disk Calculate the mass of a disc of
radius 2

Solt Here r 2 so



m fax 3 2 dr 2A 324 2n da

2 3.23 2.22

2A m a

2A 2322 0302

2A 8 4 0

24A

Types WorkDone by a force
Suppose a variable force F x moves an object

along the x axis from position a to position b

Then the work done bythe force Fla on theobject

is
w IFRde

Hooke's Law for Springs The force
required to compress or elongate a spring

fromequilibriumposition is FG ka KO
springconstant



Unit forWork Length Force Work

Metric meters m Newtons N Joules J
English feet ft Poundes lb footpounds ft

Q1 A force of 30N is required to stretch a spring
5 am from equilibrium How much work is requir

to stretch the spring an additional 20am

Self Here F x 30N metric unitsystem

x 5am 0 05m

Then by Hooke's Law F x Kx k spring constant

30 k 0.05

k 18 5 600 N m

We want to find the Workdone when the springis
stretched additional 20 am

So a 5am 0 05 m

b 5 20 am 25cm 0.25 m

Then W F x dx ooon dx



0.25

600
se
dm

600

300 6.253 0.05

300 0.25 0 05 0.25 0 05

300 0.30 0.20

18Joules

Typed WorkDone in Pumping

Working Rule

Sketch fix a reference frame
Calculate the volume of a representative layerof
liquid specificallyforwaterweightdensity 62.483

Multiply volume with weightdensity ofthe liquid
weight unitvolumeto get force

Compute the distance of the representative layer
Multiply force in distance in to get
the workneed corresponding tothe representativelayer



Sumthe work forall layers
Take n x to get the resulting integral

formula then evaluate to get the exact
work

Q.tt A tank in the shape of an inverted come with

height 12ft base left radius The tank is

full to start with water is pumped over theupper

edge of the tank untilthe height ofthe water

remaining in the tank is 4ft How much work is

required to pumpout that amount of water
Sod We need to partition the Istepts

interval 0 8 Fon4ft

We divide 10,8 into nDsubintervals 12ft

choose an arbitrary point xp in
__________n Titian

8ft
the subinterval Ixia ki

Now corresponding to each such as v n

subinterval we can approximate the at



volume of a layer using a disc

Now we just need to find the radius ri of that
representative layer of water a at

nÉFrom the properties ofsimilar ri

triangles we get

Ee to 12x

ri
1231
4 15

Then thevolume of the representative disc is

Vina 4 RE An.IS 2

Since the weight density of water is 62.4 lb ft
Sothe force needed to lift each layer is approx

Fi 62.4 Vi

62.4 4 81 AR Steps

We need to lift each layer corresponding rift
Istepy



Therefore the approximate work needed to lift each

layer is Wi Fi x x

62.4 ax 4 15 Ax IS 5

Summing up the work for all such layers weget
W InWi It 62.4 ax 4 an Isteb

Now taking limit n N we get
W him Its62.4 ax 4 4Jan

62 4am 4 da

62.4AIn 16 83 dx

62.4A 16 813 33 dm

62.4A 1623 233 19 24

10 649 6A 33,456.7

Hence it takes approximately 33 457 ft Us of
work to empty the tank to the desired level


